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Abstract 
We study the Betti numbers which appear in a minimal free resolution of the Stanley-Reisner 
ring k[A] = A,& of a simplicial complex d over a field k. It is known that the second Betti 
number of R[d] is independent of the base field k. We show that, when the ideal 1~ is generated 
by square-free monomials of degree two, the third and fourth Betti numbers are also independent 
of k. On the other hand, we prove that, if the geometric realization of A is homeomorphic to 
either the 3-sphere or the 3-ball, then all the Betti numbers of k[A] are independent of the base 
field k. 
Nous &udions les nombres de Betti qui apparaissent dam une resolution minimale libre de 
l’anneau k[A] = A/& de Stanley-Reisner d’un complexe simplicial A sur un corps k. I1 est deja 
connu que le second nombre de Betti de k[A] ne depend pas du corps de base k. Nous montrons 
que, dans le cas ou l’ideal Id est enget& par des monomes de de& deux sans facteur carrk, 
le troisieme et le quatrieme nombre de Betti ne dependent toujours pas de k. De pIus, dam le 
cas oti la realisation geometrique de A est homkomorphe A la sphere a 3 dimensions ou bien a 
la balle a 3 dimensions, nous montrons que tous les nombres de Betti de k[A] sont independents 
du corps de base k. 
0. Introduction 
Let A = k[~t,x2,..., x0] denote the binomial ring in o-variables over a field k, 
which will be considered to be the graded algebra A = enBo A, over k with the 
standard grading, i.e., each degxi = 1. Let 2 (resp. Q, N) denote the set of integers 
(resp. rational numbers, non-negative integers). We write AG), j E Z, for the graded 
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module A(j) = @,Ez[&)]n over A with [A(j .- *- A,+j- Let I be an ideal of A 
generated by homogeneous polynomials and R the quotient algebra A/I. When R is 
regarded as a graded module over A with the quotient grading, it has a graded jinite 
free resolution 
(1) 
where each eiEz A(-_I$, 1 $i<h, is a graded free module of rank O#~j,z/li, < co, 
and where every cpi is degree-preserving. Moreover, there exists a unique such reso- 
lution which minimizes each /Ii,; such a resolution is called minimal. If a finite free 
resolution (1) is minimal, then the ~o~o~o~icaZ dimension hd,@) of R over A is the 
non-negative integer h and pi = /3;(R) := ziEZ fli, is called the W Eetti number of 
R over A. 
In this paper, we study the Betti numbers of R = A/I over A when an ideal Z is 
generated by square-free monomials, i.e., R is the Stanley-Reisner ring k[d] = A/Z4 
of a simplicial complex d [17,18]. The first Betti number of k[d] is equal to the 
number of minimal generators of the ideal ZA, i.e., the number of minimal non-faces 
of A. Hence, the first Betti number of k[A] is independent of the base field k. See 
[25] for numerical study on the number of minimal non-faces of a simplicial complex. 
On the other hand, Bruns and Herzog [6] proved that, by a ring-theoretical technique, 
the second Betti number of k[A] is independent of the base field k; while, based on 
Alexander duality theorem of topology, a short proof of their result is obtained in 1211. 
This paper is organized as follows. In Section 1, we recall some notation on simpli- 
cial complex and Hochster’s topological formula on Betti numbers of Stanley-Reisner 
rings. In Section 2, we show that both the third and fourth Betti numbers of k[A] are 
independent of the base field k, when the ideal IA is generated by square-free monomi- 
als of degree two (e.g., A is the order complex of a finite partially ordered set). On the 
other hand, even though it is possible to define the Stanley-Reisner ring Z&A] = A/IA 
of A over the co~utative ring Z, a minimal free resolution of Z[A] over the poly- 
nomial ring A = Z[q,x;!,..., xv] does not necessarily exist. Moreover, there exists a 
minimal free resolution of Z[A] over A if and only if all the Betti numbers &k[A]) 
are independent of the base field k. Thus, it might be of interest to find a natural class 
of simplicial complexes A for which all the Betti numbers /3y(k[A]) are independent 
of k. In Section 3, we prove that all the Betti numbers of k[A] are independent of the 
base field k if the geometric realization of A is either the 3-sphere or the 3-ball. See 
also [22,23]. 
1. Siiplidal complexes and Stanley-Reisner rings 
We first recall some notation on simplicial complexes and Hochster’s topological 
formula on Betti numbers of Stanley-Reisner rings. We refer the reader to, e.g., 
[5,11,15,18] for the detailed information about combinatorial and algebraic background. 
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1.1. A simpliciai complex A on the vertex set V = {xI,x~,...,x~} is a collection of 
subsetsofVsuchthift(i){xi)EAforeveryl~i~vand(ii)aEA,z~o~zEA. 
Each element ~7 of A is called a face of A. Let #(a) denote the cardinality of a finite set 
CT. We set d = max{#(g) 1 o E A} and define the dimension of A to be dim A = d - 1. 
Given a subset W of V, the restriction of A to W is the subcomplex 
of A. In particular, Av = A and A0 = (0). On the other hand, if CJ is a face of A, 
then we define the subcomplexes linkA and stard(o) to be 
linkd(o)=(zEA(onz=O,aUzEA}; 
Thus, in particular, link&& = stard((d) = A. 
Let Aj(A; k) denote the ith reduced sirnpli~~l homology group of A with the coef- 
ficient field k. Note that a-1 (A; k) = 0 if A # (0) and 
1.2. Let A = k[xl,xz ,..., xv] be the polynomial ring in v variables over a field k. Here, 
we identify each xi E V with the indeterminate xi of A. Define 1~ to be the ideal 
of A which is generated by square-free monomials xilxi2 * e ‘xi,, 1 Gil < i2 < . . . < 
i,Gv, witb {Xjl,Xi2,.** ,Xi,} $2 A. We say that the quotient algebra k[A] := A/& is the 
Stanley-Reisner ring of A over k. In what follows, we consider A to be the graded 
algebra A = C$& A,, with the standard grading, i.e., each degxj = 1, and may regard 
k[4 = @,,,Wl) ,, as a graded module over A with the quotient grading. 
1.3. Let h = hda(k[A]) denote the homological dimension of k[A] over A and consider 
a graded minimal free resolution 
o- 69 
A(-j)‘% 3 . .- -% @A(-j)@lj -%A 3 k[A] --t 0 (2) 
_iEZ jEZ 
of k[A] over A. It is known that v - d <h<v. Hochster’s formula [15, Theorem 5.1) 
guarantees that 
Bij = C * dimkfjri-;_l(Aw; k). (3) 
WC V, #(W)=j 
Thus, in particular, 
Some combinatorial and algebraic applications of Hochster’s formula have been stud- 
ied. Munkres [ 161 proved that v - hdA(k[A]) depends only on the geometric realization 
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of A. Moreover, if A is the order complex of a modular lattice, then the last Betti num- 
ber of &A] can be computed by means of the Mobius function of the lattice [ 12,131. 
See also [ 1,7-9,14,24] for related topics and results. 
2. Ideals IA generated by monomials of degree two 
The purpose of this section is to show that the third and fourth Betti numbers of 
a Stanley-Reisner ring k[A] = A/I,, are independent of the base field k when the 
ideal 14 is generated by square-free mono~als of degree two. For example, the ideal 
IA associated with a simplicial complex A is generated by square-free monomialts of 
degree two when, e.g., A is the order complex [19, p. 1201 of a finite partially ordered 
set. 
Let A (resp. A’) be a simplicial complex on the vertex set V (resp. V’) and suppose 
that V n V’ = 0. Recall that the simplicial join A * A’ of A and A’ is the simplicial 
complex on the vertex set V U V’ which consists of all subsets of V U V’ of the form 
aUrwithaEAandzEA’. 
2.1. Lemma. Let A be a simplicial complex on the vertex set V with #(V) = v and 
suppose that the ideal IA is generated by square-free monomials of degree two. Then 
&,(A; k) = 0 if v < 2(n + 1). Moreover, if v = 2(n + l), then fi,(A;k) # 0 if and 
only if A is the simplicial join of n + 1 copies of the O-sphere S”(= l l ). 
Proof. We first show that E?,(A; k) = 0 if v -CC 2(n 4 1). Suppose that 14 # (0) and 
x,y E V with xy E 14. We set Al = s&A({x}) and A2 = Ay+). Then Al U AZ = 
A and Ai n A2 = li&((x}). Note that the ideals 1~,,1~~,1~,n~~ are generated by 
square-free monomials of degree two. On the other hand, since (y} $Z Al, {x) f;r A2 
and {x),(y) $ AI n AZ, we may assume that A,(Al;k) = 0, &,(Az;k) = 0 and 
I?,_l(Al f~ A?; k) = 0. Hence, thanks to the reduced Mayer-Vietoris exact sequence, 
we have fi,(A; k) = 0 as desired. 
Secondly, let us assume v = 2(n+ 1). If A is the simplicial join of n+ 1 copies of So, 
then the geometric realization of A is the n-sphere S”. Thus @,(A; k) # 0. On the other 
hand, suppose that f?,(A;k) # 0. Then 14 # (0). Let xy E 14 and Al = star4((x}), 
62 = Av_+) as above. Since A,(Al;k) = 0, @,(Aa;k) = 0 and fie(A;k) # 0, the 
reduced Mayer-Vietoris exact sequence guarantees that ti,_i(link4((x)); k) # 0. Let 
v’ be the number of vertices of li&({x}). Then v’ <v - 2 = 2n since {x), (y} $ 
linkA({ while d&h SinCe fi,+~(linkA((x});k) # 0. Hence V’ = 2n. ThUS, we 
may assume that linkd({x}) is the simplicial join of n copies of So. Let z E V be an 
arbitrary vertex of A with z # x and z # y. Then, since v’ = 2n, (z} E link&)). 
Hence, there exists an element w E V - (x, y} such that zw f I~ti~t{~I,. Since 1, is 
generated by square-free monomials of degree two, we have zw E IA. Consequently, for 
an arbitrary element ~1 E V, there exists a unique element /I E V such that {cl, 8) $ A. 
Hence, A is the simplicial join of n + 1 copies of the O-sphere So as required. Cl 
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2.2. Cordhpry. Suppose that the ideal 14 is generated by square-free monomials of 
degree two and that a Jjnite free resolution (2) of k[AJ = A/I4 over A is minimal. 
Then, /3ij = 0 for all i and j with j > 2i. 
Proof. By Lemma 2.1, we have I;i#(w)-i- I(Aw;k) = 0 if #(W) < 2(/#(W) - i), 
i.e., #(W) > 2i. Hence, thanks to Ho&&r’s formula (3), pi, =0 for all i and j with 
j > 2i. 0 
Taylor [20] constructed an explicit (not necessarily minimal) finite free resolution 
of k[d] = A/Zd over A. The above Corollary 2.2 also follows immediately from Taylor 
resolutions. 
2.3. Lemma, Let A be a simplicial complex on the vertex set V with #(V) = 7. Sup- 
pose that 14 is generated by square-free monomials of degree two and that 1?2(A; k) # 
0. Then, one of the following conditions (i) and (ii) is satisfied 
(i) A is the simplicial join of the cycle of length 5 and O-sphere So; 
(ii) there exists x E V such that AY_+) = So + So *So. 
Proof. Suppose that there exists no x E V with Ay+l = So * So * So. Let x E Y and 
set Al = starA(( A2 = Av+~. Then A = Al u 42 and link~({~}) = Al flA2. Since 
Al is contractible, we have I?z(At; k) = 0. On the other hand, since A2 # So *So *So, 
we have 1?2(A2; k) = 0 by Lemma 2.1. Thus, thanks to the reduced Mayer-Vietoris 
exact sequence, we have ~,(li~~{{~~); k) # 0 since l?&A;k) # 0. Let V’ denote the 
vertex set of link~({x}). Then #F(V) 24 by Lemma 2.1. Moreover, again by Lemma 
2.1, if WV’) = 4, then link4((x}) is the cycle of length 4. If the number of vertices 
of linkA( is equal to 4 for every y E V, then dim A = 2 and the number of 
faces (r of A with #(a) = 3 is (4 x #(V)) P 3=$, a contradiction. Hence, there 
exists z E V such that the mnnber of vetices of k&((z)) is greater than or equal 
to 5. If the number of vertices of link~({z}) is equal to 6, then A = stard((z)) 
and, therefore, A is contractible, which contradicts f?2(A; k) # 0. Thus, the number of 
vertices Of linkA( is equal to 5. Since fil(linkd({z}); k) # 0 and the ideal Irinkd(+~) 
is generated by square-free monomials of degree two, it follows easily that linkd({z)) 
is one of the following figures: 
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If linkd((z)) is one of the above figures (a), (b), (c), (d), (f) and if fiz(A;k) # 0, then 
there exists x f V with dV__+) = So * So * So (the routine details should be omitted). 
On the other hand, if link~((z}) is the graph of figure (e) and if fiz(d; k) f 0, then 
A is the simplicial join of the cycle’ of length 5 and O-sphere So as required. c3 
We are now in a position to state the main result of this section. 
2.4, Theorem. Let A be a simplicial complex and suppose that the ideal IA is gen- 
erated by square-free monomials of degree two. Then, both the third Betti number 
@(k[A]) and the fourth Betti number jl&k[A]) of k[A] = A/IA over A are independent 
of the base field k. 
Proof. First, we study the third Betti number #(k[d]) of k[A] over A. Let V be the 
vertex set of A. Thanks to Corollary 2.2, what we must prove is that 83, is independent 
of the base field k for every j ~6. Thus, by virtue of Hochster’s formula (3), what 
we must prove is that dim& ~1y)_-4(d K; k) is independent of k for every W c Y with 
#(W)<6. If #(W> = 5, then fii(A,;k) = 0 for every i>2 by Lemma 2.1. Thus, 
since the reduced Euler characteristic f(A) and dimk E?o(Aw ; k) are independent of k, 
it follows from Euler-Poincare formula that dim Ar( Aw; k) is independent of k. On 
the other hand, if #( W) = 6, then dim &z(d w; k) = 0 unless Aw is the simplicial 
join of three copies of the O-sphere by Lemma 2.1. Moreover, if A w is the sim- 
plicial join of three copies of the O-sphere, then dim&~(&; k) = 1 for an arbitrary 
field k. 
Secondly, we show that the fourth Betti number pf(k[d]) of k[A] over A is inde- 
pendent of the base field k. We must prove that dirn~~~~-~(~~;~) is inde~ndent 
of k for every W c V with #( W) <8. If either #l(W) = 6 or ##( W) = 8, then we can 
show that dimfilyrr+.s(dur; k) is independent of k by the similar technique as used 
for Lemma 2.1 as above, Let #( W) = 7 and suppose that &z(dw; k) # 0. Then, by 
Lemma 2.3, we easily see that AW has the homotopy type of one of the following 
spaces: (i) the 2-sphere; (ii) the disjoint union of the a-sphere and a single point; 
(iii) the space X u Y, where X is the Z-sphere and Y is either the l-sphere or the 
2-sphere, such that X f~ Y consists of a single point. Hence, dimk l?z(Aw; k) is inde- 
pendent of the base field k as desired. tl 
We do not know if there exists a simplicial complex A such that IA is generated 
by square-free monomials of degree two and that the fifth Betti number /$(k[d]) of 
k[d] = A/IA over A does depend on the base field k. 
On the other hand, let BN denote the Boolean lattice of rank N > 0 and A(BN) 
its order complex. If NPO, then there exists j 2 5 such that both #$kfA(BN)]) and 
@N_N_,~_i(k[A(B~)]) depend on the base field k. See Example 3.3. 
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3. Finite free mob&ions of the n-sphere 
In general, it is possible to deGne the Stanley-Reisner ring Z[d] = A/& of ,4 
over the commutative ring Z. However, a minimal free resolution of Z[d] over the 
polynomial ring A = Z[q,xz ,, . . ,x,] does not necessarily exist. On the other hand, 
there exists a minimal free resolution of Z[d] over A if and only if all Betti numbers 
#(k[A]) are Advent of the base field k (see, e.g., [lo]). Thus, it might be of 
interest to find a natural class of simplicial complexes d for which all Betti numbers 
&‘(k[d]) are ~de~ndent of k. The main purpose of this section is to show that if 
1 A 1 is the n-sphere S” (or the n-ball B”) with II G3, then all Betti numbers #(k[d]) 
of k[d] are ind~endent of k. Moreover, we construct a shellable simplicial complex 
A with / A I== S4 such that some Betti number #(k[d]) does depend on the base 
field k. 
3.1. Proposition. (a) Let A be a simplicial complex and suppose that the geometric 
realization ) A ( of A is a connected 3-manifold without boundary. Then, all Betti 
numbers #(k[A]) are independent of the base field k if / A 1 is orientable and 
&(A; Z) = 0. 
(b) Let A be a simplicial complex such that \A[ is a connected 2-manifold without 
boundary. Then, all Betti numbers #(k[A]) are independent of the base field k if 
and only if IAj is orientable. 
Proof. By virtue of Hochster’s formula, in order for all Betti numbers #(k[A]) to be 
independent of the base field k, it is necessary and suflicient that dimk#j(dw; k) is 
independent of k for every subset IV of the vertex set V and for each integer j 3 - 1 
(since dim& I?J(d w; k) Z dim, Qj(d w; Q) for an arbitrary field k). 
(a) Suppose that 1 A I is orientable and that #l(d; Z) = 0. Let W = V, i.e., dw = d. 
Obviously, dimk @~,(d; k) = 0. Since At(d; Z) = 0, it follows that dimk Bt(d; k) = 0. 
Moreover, by Poincar4 duality, dimk#s(d; k) = 1 and dimk Az(d; k) = 0. Let W 
denote an arbitrary non-empty subset of V with W # V. Since Id] is orientable, by 
Alexander duality, we have (fiz(Aw;k) Z) fi2(Aw;k) E fio(lAl- IAwj;k). Hence, 
dimk&2(dW;k) is independent of k. Thus, since &~(Aw; Z) is torsion-free, it follows 
that dimk &a(&; k) is independent of k. Moreover, since i(&) is independent of k, 
dim& Al(Aw; k) is also independent of the base field k. 
(b) First, suppose that I A f is non-orientable. Then fiz(A;Q) = 0. Since HZ{,& 
Z/22) E H”(d; Z/22) % Z/22 by Poincare duality, it follows that dim& #z(d; k) 
depends on the base field k. On the other hand, let us assume that Id 1 is orientable. 
By Poincare duality, we have dimk k?z(.4; k)=l. Moreover, if W is a subset of V with 
W # V and if dp is of dimension two, then AR possesses non-emp~ boundary. Hence 
A w has the homotopy type of the geometric realization of a one~ension~ simplicial 
complex; in particular, dimk @z(&; k) = 0. Consequently, for every subset IV of V, 
dimk&z(dw;k) is independent of k. Since I is ind~ndent of k, ~rn~~,~~*;k) 
is also independent of k. Cl 
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On the other hand, it follows easily that, for a simplicial complex A on the ver- 
tex set Y, all Betti numbers ~Yf(k[d]) are independent of k if one of the following 
conditions is satisfied: (i) dim A < 1; (ii) A is a 2-manifold with non-empty boundary; 
(iii) #(V)GS. 
3.2. VPheorem. Let A be a simplicial complex and suppose that the geometric realiza- 
tion IAl of A is the n-sphere S” (or the n-ball Bn) with n < 3. Then, the Betti number 
/3f(k[A]) is independent of the base field k for every i20. 
Proof. If 1 A I= S”, then the above Proposition 3.1 guarantees that all Betti numbers 
&‘(k[A]) are independent of the base field k. 
On the other hand, suppose that lAl= B” and define A’ to be the simplicial complex 
A U (aA * (a single point}). Thus, (A’/= S”. Let V denote the vertex set of A. Then 
AL = A. Hence, it follows that, for every subset W of Y and for each integer j> - 1, 
dim, gj(Af~; k) is independent of the base field k as required. 0 
3.3. Example. Let r denote the simplicial complex on the vertex set V = j&2,3,4,5,6}, 
discussed in, e.g., [7,17], whose geometric realization / f I is the real projective plane. 
Let A denote the simplicial complex which consists of all subsets (r of V with c # V. 
Thus, IAJ is the 4-sphere. We consider f to be a subcomplex of A in the obvious way. 
Let Sd(A) denote the barycentric su~ivision of A. If W is the vertex set of Sd(T), 
then #( W) = 3 1 and Sd(A)w = Sd(T). Thus, we have 
dimz,zzA31-zs-1(Sd(A)w; Z/22) > dimQfi3r-+i(Sd(A)w; Q); 
dimz,zz1?31-29-lfSdtA)w;Z/22) > dimo-ri~t-,,-,(Sd(A)w;Q). 
Hence 
Note that hdA(k[Sd(A)]) = 57 and &(k[Sd(A)]) = &$(k[Sd(A)]). Since A is the 
boundary complex of the 5-simplex, it follows that A is shellable (defined in, e.g., 
141). Hence, thanks to [Z], Sd(A) is also shellable. 
3.4. Example. Let A denote the simplicial complex as in Example 3.3 and define A’ 
to be A - {(1,2,3,4,5}}. Then IA’1 is the 4-ball. A similar technique as in Example 
3.3 enables us to see that some Betti numbers #(k[Sd(A’)]) of the Stanley-Reisner 
ring k[Sd(A’)] of the barycentric subdivision Sd( A’) of A’ depend on the base field k. 
The simplicial complex Sd(A’) is also shellable. 
The above Examples 3.3 and 3.4 illustrate the following: 
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3.5. proposition. Fix an integer n 84 and let V denote the finite set (1,2,. . . ,n, 
n + 1,n + 2). Define A,, to be the simpiiciar complex which consists of all subsets o 
of V with o # V. Moreover, let AL denote the s~plicia~ complex A,, - {(1,2, . . . , 
n + 1)). Then, there exist integers i and j such that #(k[Sd(d,)]) and 
/@[Sd(AL)]) depend on the base field k. Note that both Sd(A,) and Sd(Ai) are 
shellable with ISd(A,)/= S” and ISd(AL)j= JY. 
It would, of course, be of interest, for every fixed integer n >4, to f&d an ~teresting 
class of simplicial complexes A with /Al= S” such that all Betti numbers #(k[A]) are 
independent of the base field k. 
3.6. Theorem (Terai and Hibi [22,23]). (a) Let C(v,d) be the cyclic d-polytopes 
[3, p. 851 with v vertices and A(C(v,d)) its boundary complex. Then, the Eetti 
number &%[4C(W)l) is independent of the base field k for every i 3 0. 
(b) Let P(v,d) be Q stacked d-polytopes [3, p. 1291 with v vertices and A(P(v,d)) 
its boundary complex. Then, the Betti number ~~(k[A(P(v,d))]) is independent of 
the base field k for every i 20. 
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